























$\frac{\partial u}{\partial t}=\frac{1}{2}\frac{\partial^{2}}{\partial x^{2}}(V(x)u)-\frac{\partial}{\partial x}(M(x)u)$ $(t>0,0<x<1)$ (1)
– $V(x)= \frac{x(1-x)}{2N}$ $M(x)$ $x$ $N\in$
$\{1,2,3, \cdots\}$ effective population number Crow-Kimura ([2]) (1)




102.1. $n$ $C^{n+1}$ $u(t, x)$
$u(1+h, x+k)$ $=$ $\sum\frac{1}{\nu!}(h\frac{\partial}{\partial t}+k\frac{\partial}{\partial x})^{\nu}u(\ell, x)$
$+$ $\int_{0}^{1}\frac{(1-\theta)^{\mathfrak{n}}}{n!}(h\frac{\partial}{\partial t}+k\frac{\partial}{\partial x})^{\mathfrak{n}+1}u(\ell+\theta h, x+\theta k)d\theta$
$A$
$A= \frac{1}{2}\frac{\partial^{2}}{\partial x^{2}}(V(x)u)-\frac{\partial}{\partial x}(M(x)u)$ (3)
$\frac{?u}{\partial\ell}(=Au$ in $(0, NT)\cross(0,1)$ $(\triangleleft)$
$T$
1022.
$a(x)= \frac{x(1-x)}{2}$ , $b(x)= \frac{1-2x}{2}-NM(x)$ , $c(x)=-NM’(x)$ (5)
$B$






in $(0, T)\cross(0,. 1)$ (7)













1023. $u\{t,$ $x$ ) (7)
$0<h<<1,0\leq x\pm\sqrt{a(x)}h\leq 1,0\leq x+b(x)h^{2}\leq 1,$ $t-h^{2}\geq 0$ (9)
$u(\ell, x)=Lu(\ell, x)-h^{4}Ru(t, X)$ (10)
$Lu(t, X)$
$=$ $\frac{1}{6}u(t, x+\sqrt{a(x)}h)+\frac{1}{6}u(t, x-\sqrt{a(x)}h)$ (11)
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$+$ $\frac{1}{3}\mathrm{u}(t, x+b(x)h2)+\frac{1}{3}u(\ell-h2, X)+\frac{h^{2}}{3}c(x)u(t, X)$
$Ru(t, X)$
$=$ $\frac{1}{3}\int_{0}^{1}\{\frac{a^{2}(x)(1-\theta)3}{12}(\frac{\partial^{4}u}{\partial x^{4}}(t,$ $x+ \sqrt{a(x)}\theta h)+\frac{\partial^{4}u}{\partial x^{4}}(t, x-\sqrt{a(x)}\theta h))$ (12)
$+$ $b^{2}(X)(1- \theta)\frac{\partial^{2}u}{\partial x^{2}}(t, x+b(X)\theta h^{2})+(1-\theta)\frac{\partial^{2}\mathrm{u}}{\partial t^{2}}(t-\theta h^{2}, x)\}d\theta$
. (2)
$u(t, x\pm\sqrt{a(x)}h)$
$=u(\ell, X)\pm h$ $a$ 1/2 $(X) \frac{\partial u}{\partial x}(\iota, X)$
$+ \frac{h^{2}}{2}a(X)\frac{\partial^{2}u}{\partial x^{2}}(t, X)\pm\frac{h^{3}}{6}a^{3/2}(x)\frac{\partial^{3}u}{\partial x^{3}}(\ell, x)$
$+ \frac{h^{4}}{6}a^{2}(x)\int_{0}^{1}(1-\theta)^{3}\frac{\partial^{4}u}{\partial x^{4}}(\ell,$ $x\pm\theta\sqrt{a(x)}h)d\theta$
$\frac{1}{2}u(t,$ $x+ \sqrt{a(x)}h)+\frac{1}{2}u(t,$ $x-\sqrt{a(x)}h)$
$=u(1, X)+ \frac{h^{2}}{2}a(x)\frac{\partial^{2}u}{\partial x^{2}}(t, X)$
$+ \frac{h^{4}}{12}a^{2}(X)\int_{0}^{1}(1-\theta)^{3}(_{\frac{\partial^{4}u}{\partial x^{4}}(t,x+\theta}\sqrt{a(x)}h)+\frac{\partial^{4}u}{\partial x^{4}}(t,$ $x-\theta\sqrt{a(x)}h))d\theta$
(2)
$u(\ell, X+b(_{X})h^{2})$
$=u(1, x)+h^{2}b(x) \frac{\partial u}{\partial x}(t, x)$
$+h^{4}b^{2}(x) \int_{0}^{1}(1-\theta)\frac{\partial^{2}u}{\partial x^{2}}(t, x+\theta b(x)h^{2})d\mathrm{O}$ ,
$\mathrm{u}(\ell-h^{2}, x)$
$=u$ ( $x$ ) $-h^{2_{\frac{\partial u}{\partial t}(}}1,$ $x)$
$+h^{4} \int_{0}^{1}(1-\theta)\frac{\partial^{2}\mathrm{u}}{\partial t^{2}}(t-\theta h^{2}, X)d\theta$ .
$\ovalbox{\tt\small REJECT}$ (7)
$\frac{1}{2}a(x)\frac{\partial^{2}u}{\partial x^{2}}+b(_{X)\frac{\partial u}{\partial x}}-\frac{\partial u}{\partial t}=-c(x)u$




$x+ \theta\sqrt{a(x)}h)+\frac{\partial^{4}u}{\partial x^{4}}(t,$ $x-\theta\sqrt{a(x)}h))d\theta$
$+b^{2}(x) \int_{0}^{1}(1-\theta)\frac{\partial^{2}u}{\partial x^{2}}(t, x+\theta b(x)h^{2})d\theta+\int_{0}^{1}(1-\mathit{0})\frac{\partial^{2}u}{\partial\ell^{2}}(t-\theta h^{2}, x)d\theta\}$
( )
(10)
$u(1, x)$ $=$ $\frac{1}{6}u(t, x+\sqrt{a(x)}h)+\frac{1}{6}u(t, x-\sqrt{a(x)}h)$
$+$ $\frac{1}{3}u(t,$ $x+b(x)h^{2})+ \frac{1}{3}u(t-h2, X)+\frac{h^{2}}{3}c(x)\mathrm{u}(t, X)+O(h^{4})$ (13)
10.3 $-$
–
$b(x)\geq 0$ in aneighborhood of $0$ in $[0,1]$
(14)
$b(x)\leq 0$ in aneighborhood of 1 in $[0,1]$
$u(i,$ $X\rangle$ (7) $h$ (13) $u(t, x)$
$u(t, x)$
$=(1+ \frac{h^{2}}{3}c(x)+\frac{h^{4}}{9}c^{2}(x))(\frac{1}{6}u(t,$ $x+ \sqrt{a(x)}h)+\frac{1}{6}u(\ell,$ $x-\sqrt{a(x)}h)$ (15)
$+ \frac{1}{3}u(t,$ $x+b(x)h^{2})+ \frac{1}{3}u(t-h^{2}, X))+O(h^{4})$ .
$\epsilon(x)$
$\epsilon(x)=\{$
$h$ iiff $h^{2}\leq x\leq 1-h^{2}$ oorr $x=0,1$
$\frac{x}{\sqrt{a(x)}}$
ir $0<x<h^{r}\sim$)





$h^{2}\leq x\leq 1-h^{2}$ implies $\frac{h^{2}}{4}\leq x\pm\sqrt{a(x)}h\leq 1-\frac{h^{2}}{4}$ (16)
.
$f(x)=x- \sqrt{a(x)}h-\frac{h^{2}}{4}=x-\sqrt{\frac{x(1-x)}{2}}h-\frac{h^{2}}{4}$
$f’(x)>0$ for $\frac{1}{2}-\frac{1}{\sqrt{2h^{?}+4}}<x\leq 1$ ,
$f(h^{2})>0$ , $h^{2}> \frac{1}{2}-\frac{1}{\sqrt{2h^{l}+4}}$
$f(x)>0$ for $h^{2}\leq x\leq 1$
$x \pm\sqrt{a(x)}h\geq\frac{h^{2}}{4}$ for $h^{2}\leq x\leq 1$




$–\leq y\leq 1--$$h^{2}4$ - $h^{2}4$ implies $\epsilon(y)\geq\frac{h}{\sqrt{2}}$ . (17)
. $\epsilon(x)$ $\frac{h^{2}}{4}\leq y<h^{2}$ 1 $-h^{2}<y \leq 1-\frac{h^{2}}{4}$ +
$g(y)= \epsilon^{2}(y)=\frac{2y}{1-y}$ for $\frac{h^{2}}{4}\leq y\leq h^{2}$
$h^{2}$
$g’(y)>0$ for $–\leq h\leq h^{2}$4
$\min_{h^{2}/4\leq y\leq h}g2(y)=g(\frac{h^{2}}{4})=\frac{2h^{2}}{4-h^{2}}\geq\frac{h^{2}}{2}$
$\epsilon(y)\geq\frac{h}{\sqrt{2}}$ $f\mathit{0}r$ $\frac{h^{2}}{4}\leq y<h^{2}$





$\cross(\frac{1}{6}f(t,$ $x+ \sqrt{a(x)}\epsilon(x))+\frac{1}{6}f(t,$ $x-\sqrt{a(x)}\epsilon(x))$
$+ \frac{1}{3}f(t,$ $x+b(x) \epsilon^{2}(x))+\frac{1}{3}f(t-\epsilon^{2}(x), x))$ lf $t\geq h^{2}$
$f(\ell, x)$ tf otherwise
(18).









$\frac{1}{6}(1+\frac{\mathcal{E}^{2}(x)}{3}c(_{X)}+\frac{\epsilon^{4}(x)}{9}c^{2}(_{X}))$ if $(s’.y)=(\downarrow,$ $X\pm\sqrt{a(x)}\epsilon(x))$
$\frac{1}{3}(1+\frac{\epsilon^{2}(_{X)}}{3}c(_{X)}+\frac{\epsilon^{4}(_{X)}}{9}c^{2}(_{X}))$ if $(s.y)=(t,$ $x+b(x)\mathcal{E}^{2}(x))$
$\frac{1}{3}(1+\frac{\epsilon^{2}(x)}{3}c(_{X)}+\frac{\epsilon^{4}(x)}{9}c^{2}(x))$ ir $(s.y)=(t-\epsilon^{2}(x),$ $X)$
$0$ otherwise.
(20)
$Pk+\mathrm{l}(t, x;s, y)$ $(k\geq 1)$ $D=[0, \infty]\mathrm{x}[0,1]$ $f(t, x)$
$\int_{D}f(s, y)pk+1(t, X;ds, dy)=\int_{D}Mf(s, y)Pk(t, x;ds, dy)$ (21)
( $i,$ $e,$ , $(s,y)D \sum_{\epsilon}f(s, y)p_{k}+1(t, x;s, y)=\sum_{(\ell,y)\in^{o}}Mf(s, y)p_{k}(\iota, X;s, y)$
.
) (22)
$Pk+1(t, x;s, y)$ $Pk(\downarrow, X;s, y)$ –
(19)
$u(1, X)= \int_{D}\mu)(t, x;d_{S}, dy)u(s, y)$ , (23)
$\epsilon^{4}(x)=O(h^{4})$ (20)
$u(1, X)= \int_{D}p\mathrm{l}(t, x;ds, dy)u(s, y)+o_{(}h^{4})$ , (24)
(21)
$u(1, x)$
$= \int_{D}p_{1}(t, X;ds, dy)\mathrm{u}(_{S}, y)+O(h^{4})$
96
$= \int_{D}p_{1}(\ell, X;dS, dy)(Mu(s, y)+O(h^{4}))+O(h^{4})$
$=I_{D}^{\rho_{2}}(t, X;d_{S}, dy)u(s, y)+O(h^{4})2$
(25)
1033. $u(t, x)\in C^{4}([0, \infty)\cross[0,1])$ (7) $k=0,1,2,$ $\cdots$
$u(1, x)= \int_{0\leq\theta\leq 0}t,\leq y\leq 1)pk(1,$$x;dS,$ $dyu(s, y)+O(h^{4})k$ . (26)
$O(h^{4})$ $k$
(26) $u(s, y),$ $0\leq s<h^{2}$ $\emptyset(y)$
1034. $u(\ell, X)\in C^{4}([0, \infty)\cross[0,1]).\text{ _{ }}$ (7)
$u(\mathrm{O}, x)=\phi(x)$ $(0<x<1)$ (27)
$>>1$
$u(l, X)$
$= \int_{0\leq\delta<h}2,0\leq y\leq 1p_{k}(\ell, x;dS, dy)\phi(y)+o_{(}h^{2})$ (28)
$+O(1) \sum k_{0}(\frac{1}{3})^{\ell}(\frac{2}{3})^{kl}-+O(h^{4})k$ ,
$\ell=0$
$k_{0}$ $21/h^{2}$ $O(1),$ $O(h^{2})$ $O(h^{4})$ $k$
$u(t, x) \sim\int_{0\leq s<h^{2}},0\leq y\leq 1p_{k}(t, x;ds, dy)\phi(y)$ (29)
. (26)
$u(t, x)$
$= \int_{0\leq s<h^{2}},0\leq y\leq 1p_{k()}t,$$x;d_{S},$ $dy\phi(y)+o_{(}h^{2})$ (30)
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$+ \int_{h^{2}\leq s\leq 1},0\leq y\leq 1Pk(t, X;ds, dy)u(s, y)+O(h^{4})k$ .
$Pk(t, x;s, y)$ (16) (17)
$| \int_{h^{2}\leq\epsilon\leq 1},0\leq y\leq \mathrm{l}p_{k}(t, x;ds, dy)u(s, y)|$
$\leq C_{1}\int_{h^{2}\leq\epsilon\leq 1},0\leq y\leq 1Pk(t, x;dS, dy)$ (31)
$\leq C_{2}\sum k_{0}(\frac{1}{3})^{p}(\frac{2}{3})^{kP}-$
$p_{=}0$
Ci $(i=1,2)$ $k$ ( )
$\int_{0\leq s\leq}1,0\leq y\leq 1p_{k}(t, x;ds, dy)u(s, y)=q_{1}u(t_{1}, X_{1})+q_{2}u(t_{2}, X_{2})+\cdots+q_{n}u(t_{n}, x_{\iota},)$
$((q_{1}t_{1}x_{1})(q_{2}t_{2}x_{2})$ . . . $(q_{\mathfrak{n}}t_{\mathfrak{n}}x_{\mathfrak{n}}))$
–
Reduce Program.
$\mathrm{p}\infty \mathrm{c}\mathrm{Q}\mathrm{d}\mathrm{u}\mathrm{r}\mathrm{o}$ hybrid-method ( $\mathrm{t}$ . X. n);
begin;
1ist-in : $\underline{-}\{\{1, \mathrm{t}, \mathrm{x}\}\}_{i}$
1ist-tmp $:=$ $\{\}$ ;
while $\mathrm{n}>0$ do
vhile length (list-in) $>0$ do
$<<$
tmp : $\underline{-}\mathrm{f}$ irst (list-in);
$\mathrm{p}$ : $\underline{-}\mathrm{f}$ irst ( $\mathrm{t}\mathrm{m}\mathrm{p}^{)}$ ;
$\mathrm{s}:=\mathrm{f}$ irst (rest $(\mathrm{t}\mathrm{m}\mathrm{p}^{)})_{1}$
$\mathrm{y}$
$:\underline{-}\mathrm{f}$ irst (rest (rest $(\mathrm{t}\mathrm{m}\mathrm{p}^{)})$ ).
$\mathrm{q}$ : $\overline{-}(1\star \mathrm{h}**2*\mathrm{c}^{(_{\mathrm{y}}})/3\star \mathrm{h}**4*\mathrm{c}(\mathrm{y}^{)2/9}**)*\mathrm{p}$ :
if domain-p(s) neq $0$ then
$<<$
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list-tmp $:–$ cons ( $\{\mathrm{q}/6,$ \S , $\mathrm{y}+\mathrm{s}\mathrm{q}_{\Gamma}\mathrm{t}(\mathrm{a}(\mathrm{y}))*\mathrm{h}\}$ . list-tmp);
1 ist-tmp : $\overline{-}$ cons ( $\{\mathrm{q}/6,$ $\mathrm{s},$ $\mathrm{y}-\mathrm{s}\mathrm{q}\mathrm{r}\mathrm{t}(\mathrm{a}(\mathrm{y}))*\mathrm{h}\}$ . list-tmp);
list.tmp : $\underline{-}$ cons ( $\{\mathrm{q}/3,$ $\mathrm{s},$ $\mathrm{y}+\mathrm{b}(\mathrm{y})*\mathrm{h}**2\}$ . list-tmp);
list-tmp $:=$ cons ( $\{\mathrm{q}/3,$ $\mathrm{s}-\mathrm{h}**2,$ $\mathrm{y}\}$ . list-tmp)
$>>$
else









domain-p (t) $[0, \infty)$ ;
$\mathrm{d}\mathrm{o}\mathrm{m}\mathrm{a}\mathrm{i}\mathrm{n}_{-}\mathrm{p}(\mathrm{t})=\{$
1 if $\ell\geq h^{2}$
$0$ otherwise .
$a(x),$ $b(x)$ $c(x)$ (5) Red uce Program
$y\pm\sqrt{a(y)}h,$ $y+b(y)h^{2}\in[0,1]$
$h$
$[1]\mathrm{K}$ . Amano, Numerical-symbolic hybrid method for biharmonic Dirichlet problem, (to appear).
$[2]\mathrm{J}$ . F. Crow and M. Kimura, An Introduction to Population Genetics Theory,
’ 1970.
$[3]\mathrm{W}$ . J. Ewens, Mathematical Population Genetics, , 1989.
$[4]\mathrm{A}$ . C. Hearn, REDUCE User’s Man $\mathrm{u}\mathrm{a}\mathrm{l}$ , version 3.5, , $\mathrm{C}\mathrm{P}78(\mathrm{R}\mathrm{e}\mathrm{v}. 7/94)$ , 1994.
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$[5]\mathrm{O}$ . A. Oleinik and E. V. Radkevich, Second Order Equations with Nonnegative Characteristic Form,
’ 1973.
100
